In this paper, we introduce the concept of generalized convex contractions and give some results about approximate fixed points of the contractions on metric spaces. By providing some examples, we show that our results are real generalization of the main results of Ghorbanian et al.
Introduction
Istratescu [] introduced the notion of convex contraction. He proved that each convex contraction has a unique fixed point on a complete metric space, see also [] . Recently Ghorbanian, Rezapour and Shahzad generalized his results to complete ordered metric spaces, [] . In recent years, there have appeared some works on approximate fixed point results (see, for example, [-] and the references therein). In this paper, by considering the key work [] and using the main idea of [], we introduce the concept of generalized convex contractions and generalize the main results of [] and [] .
Preliminaries
Let (X, d) be a metric space, T be a selfmap on X and α : X × X → [, ∞) be a mapping.
In accordance with [], we say that T is α-admissible whenever α(x, y) ≥  implies α(Tx, Ty) ≥ . Also, we say that X has the property (H) whenever for each x, y ∈ X, there exists z ∈ X such that α(x, z) ≥  and α(y, z) ≥ ; also see [] .
The selfmap T on X is called a generalized convex contraction whenever there exist a mapping α : X × X → [, ∞) and a, b ∈ [, ), with a + b < , such that
α(x, y)d T  x, T  y ≤ ad(Tx, Ty) + bd(x, y)
for all x, y ∈ X. We say that α is the based mapping. Also, we say that the selfmap T on X is a generalized convex contraction of order  whenever there exist a mapping α : Let ε >  be given. x  ∈ X is an ε-fixed point of the selfmap T on X whenever d(x  , Tx  ) < ε, see [] . Denote the set of all ε-fixed points of T by F ε (T). We say that T has an approximate fixed point (or T has the approximate fixed point property) whenever T has an ε-fixed point for all ε > , see [] . It is known that there are selfmaps which have approximate fixed points while have no fixed points.
We need the following result in our main results. 
Then T has an approximate fixed point.
Moreover, T has a fixed point whenever T is continuous and (X, d) is a complete metric space, and also T has a unique fixed point whenever X has the property (H).
Proof Let x  ∈ X be such that α(x  , Tx  ) ≥ . Define the sequence {x n } by x n+ = T n+ x  for all n ≥ . If x n = x n+ for some n, then we have nothing to prove.
Assume that x n = x n+ for all n ≥ . Since T is α-admissible, it is easy to check that α(x n , x n+ ) ≥  for all n.
By continuing this process and using a similar technique to that in the proof of Theo-
By using Lemma ., T has an approximate fixed point. Also following arguments analogous to those in Theorem  in [], it is easy to see that
v for all n > m. This shows that {x n } is a Cauchy sequence. If T is continuous and (X, d) is a complete metric, then there exists x * ∈ X such that x n → x * . Thus, Tx n → Tx * and so Tx * = x * . Now, suppose that X has also the property (H). We show that T has a unique fixed point. Let x * and y * be fixed points of T.
Also, we have
By continuing this process, we obtain d(
Similarly, we can show that T m z → y * . Thus, we get x * = y * and so T has a unique fixed point. 
Theorem . Let (X, d) be a metric space and T be a generalized convex contraction of order  on X with the based mapping α. Suppose that T is α-admissible and there exists
Moreover, T has a fixed point whenever T is continuous and (X, d) is a complete metric space, and also T has a unique fixed point whenever X has the property (H).
Assume that x n = x n+ for all n ≥ . Since T is α-admissible, it is easy to check that
Then we have
By continuing this process and following an argument similar to that in Theorem  in
By using Lemma ., T has an approximate fixed point. Now, suppose that T is continuous and (X, d) is a complete metric space. Then, by using a similar technique to that in the proof of Theorem  in [] (see also [] ), it is easy to see that {x n } is a Cauchy sequence. Choose x * ∈ X such that x n → x * . Since T is continuous, Tx n → Tx * and so Tx * = x * . If X has the property (H), then by using a similar technique to that in the proof of Theorem ., we can prove uniqueness of the fixed point of T.
Again, the following examples show that the notion of generalized convex contractions of order  is a real generalization for the notions of convex contractions of order  and ordered convex contractions of order , which were provided, respectively, in 
Now, by using the main idea of this paper, we define α-weakly Zamfirescu selfmaps as follows.
Let (X, d) be a metric space, α : X × X → [, ∞) be a function and T be a selfmap on X. Then T is called α-weakly Zamfirescu whenever there exists γ : Proof Let x  ∈ X be such that α(x  , Tx  ) ≥ . Define the sequence {x n } by
Since T is α-admissible, it is easy to check that α(x n , x n+ ) ≥  for all n. But, for each n, we have
and so
Thus, the claim is proved. This implies that the sequence {d(x n , x n+ )} is non-increasing and so it converges to the real number d = inf n≥ d(x n- , x n ).
We 
